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Abstract 



The Schrodinger equation in three dimensional space with constant positive cur- 
vature is studied for the Mie potential. Using analytic polynomial solutions, we 
have obtained whole spectrum of the corresponding system. With the aid of fac- 
torization method, ladder operators are obtained within the variable and function 
transformations. Using ladder operators, we have given the generators of so(2, 1) 
algebra and the Casimir operator which are related to the Mie Oscillator on the 
positive curvature. 
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c3 ■ 1 Introduction 

Recently, quantum mechanics in curved spherical spaces as a fundamental problem has 
become a subject of intense research efforts [TJ [2j [3j HJ El EJ [7] . The notion of the con- 
stant curvature and the accidental degeneracy first began with Schrodinger [8], Infeld 
[2], Stevenson [TU]. Essential advances of these systems with accidental degeneracy have 
been made by Nishino [11] , Higgs [12] , Leemon |13J . It has been found that the com- 
plete degeneracy of the energy of the Coulomb problem and harmonic oscillator on the 
three dimensional sphere in the orbital and azimuthal quantum number is caused by an 
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additional integral of motion. At the same time, some papers on curved spherical spaces 
are concerned with some applications of physics such as linear and non- linear optics [2], 
quantum dots |T5], [16]. Furthermore, in [T7], the authors studied liquid crystals using 
spherical geometries. Thus, molecular potentials such as Mie type interactions may be 
an interesting candidate for the topological applications of some molecules. Symmetry 
groups have come to play an important role in quantum physics. On the other hand, sym- 
metry algebras enable one to understand the degenerate energy eigen-states of a system, 
exact solvability of the spectrum of a quantum system usually indicates the presence of 
symmetry. In [18], symmetry algebras are studied within exact solvability and so(2,2) 
algebras. 

To our knowledge, there has not been studied Mie-type interactions, which are used 
to determine molecular structures [THl [2H ED E21 E21 [21], in constant positive curvature. 
Hence, this study is concerned with the extension of Mie potential to the spherical co- 
ordinates with spaces of constant curvature and to the symmetry algebras determining 
so(2, 1) algebra for the Hamiltonian which is factorized and defined as Mie interactions 
on constant positive curvature. This paper is organized as follows. The Mie potential in 
spherical coordinates with spaces of constant curvature is given in Section 2. Section 3 
presents the solutions of the eigenvalue equation which is derived from the Schrodinger 
equation with Laplace-Beltrami operator. Section 4 is assigned to discuss symmetry al- 
gebras which are more general than the potential algebras for the corresponding system. 

2 Mie Potential on the Constant Curvature 

We will attend to the case of the three dimensional space of constant positive curvature 
which is geometrically given on the three dimensional sphere of radius R, § 3 embedded 
into the four dimensional Euclidean space when the equation of S> 3 has the form 




(1) 



where i = 1, 2, 3 in the tangent space Xi are the coordinates and Q is 




(2) 
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The spherical coordinates are given by 

(i = R sin ip sin 9 cos <fi (4) 

(2 = R sin ip sin 9 sin <p (5) 

(3 = R sin ^ cos 9 (6) 

C4 = Rcosip (7) 

where <■?/>< 7r, < # < 7r, < < 2tt. Differentiating with respect to the arbitrary 
angles ip,9,<p gives a four dimensional vector and the squared length of this vector is 

ds 2 = R 2 (difj 2 + sin 2 ^[d9 2 + sin 2 9d(j) 2 )) (8) 

which is called as Robert son- Walker metric for the positive curvature k — 1. Define 
r 2 = x 2 + x 2 + a; 2 and the potential V(r) which is known as Mie potential [2Tj 
given by, 

k /a\ l I /a\ feN 



where e is the interaction energy between the atoms in a molecule, a is the coordinate of 
the interaction, I > k. A special case that is k — 1 performed as 



Inserting the above dependence of r on ( gives 



(10) 



no =y„(^#- a ^*l, (11) 



or we may give V(ip) as 

v w = *(*{r^)'-r£*}- (12) 

In fact, this potential (j!2p is known as trigonometric Rosen- Morse I potential 
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3 Eigenvalue Equation and Solutions 

Here we give the Schrodinger equation for (fTTj) on the constant curvature, 

h 2 \ 

—A + V)V = EV, (13) 



2/i 

where A is the Laplace-Beltrami operator which is a restriction of the Laplace operator 
on the sphere, then we have the following formula for 

A = ^t£0/^«£r)- (14) 

and define the metric which is 

ds 2 = g i i t dx % dx k (15) 

where g = det\gik\ and by the chain rule g lk = (fite) -1 . Thus, using (J3J), (JSJ), (jBJ and ([7]), 
(|T4|) . Schrodinger equation takes the form 



d . 2 , d \ T 2/ii? 2 



sin *0 <9-0 9-0 7 /I 2 



e - m(m 2 +1) - % ( U 2 - — 1 1 * = o. 



2/j,R 2 sin -0 \2 yRtantp J Rta.ni/j 

Using a transformation of the wave-function in ([16 



(16) 



•w = ^4 < 17 > 

sm-0 

and 

2/ii? 2 / ^ 2 m(m+l) IV* 2 \ 

Ca " 2/ii? 2 + 2i^J (19) 

T - 2fi * aV ° (20) 

ffTB"]) turns into 

0" + (d + 2 + C 3 cot V - (C 2 + 2) esc 2 ^)0 = 0. (21) 
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Another transformation of the variables which are 

(ffty) = e - a ^ /2 F(V>), z = cotip 

lead to 

(1 + z 2 ) 2 F'\z) + 2(1 + z 2 )(a + z)F\z) + 
(c 3 z - (C 2 + 2)(l + z 2 ) + C 1 + 2 + S^+l^ F {z) = 0. 

Finally, we shall use an ansatze in above equation as 

F(z) = (l + z 2 )-^f(z), 

then we can obtain 

„». . a + 2/3z ., . , 1 _ n a 2 - 3 

/ W + TT^ 7 ( " )+ (TTW ( 1_ ° 2 + P + ^T + 

(C 3 -a + a(3)z + (f3 2 - (3 - C 2 - 2)) f(z) = 0. 
Let us arrange the coefficient of f(z) in (125]) as 

1 / _|_ r \ 

i ? Ci + — T~ + 2/3 - /3 2 + ^3 - a + a/3) - 2 - C* 2 - /3 + /3 2 

1 + 2 Z \ 4 / 

and the coefficients of 2; and z 2 can be terminated in ( 126]) if 

C 3 -a(l-/3) = 

Cl + 2/3-/3 2 + ^±^ = 0. 

Then, we may continue to search to obtain a hypergeometric equation, hence we 

z = it, a — > ia 

in ([25]) and this yields 

(1 - t 2 )/"(t) - (a + 2/3t)/(t) + (/3(1 - /3) + 2 + tf 2 )/(*) = 0. 
Jacobi differential equation is given as 

(1 - x 2 )y"(x) + (b-a-(a + b + 2)x)y(x) + n(n + a + b + l)y(x) = 0. 



We now compare (|3"Uj) and (13"TT) in order to express the solutions f(t) in terms of Jacobi 
polynomials, and then we have 

2/3 -a- 2 2/3 + a-2 
a= g , b= . (32) 

Thus, our solutions f(t) can be given as f(t) = Pn' h \t). Moreover, let us substitute 

C 2 + 2=j(j + l) (33) 

in ( 1251) . one can see that 

n(n + 2(3-1) = (3(1 -(3)+ j(j + 1). (34) 

Shifting n to n — )■ n — 1 and using f )2T|) ; we find the followings which are n-dependent 
constants: 

"n = — ~~~t (35) 
n + j 

/3 n = l-(n + j). (36) 
Finally, (1281) leads to find our energy eigenvalues as 

K= 2^r +j) -4(^T7?~^~iJ- (37) 

We may also give j in terms of parameters of the potential as, 



3 = -\±\Jrn(m+l) + ^ + \. (38) 

And, we can write the un-normalized eigenfunction solutions of (fl3|) which are complex 

as 

= _^_ e -^/2 (1 + cot 2 ^-^pWOf-j C0t (39) 

sin -0 

where Pi a ' b ' ) are corresponding Jacobi polynomials. On the other hand, in the limit of 

R — > oo, 

/iW 2 1 , , 

R^oo, E n -> - £ 40 

ft 4 (ra + j) 



which means we have energy eigenvalues (140]) in flat space and this agrees with the results 
in [22]. When ip — > 0, tp — > ir, we obtain ^ n — > 0. 
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4 Factorization and Algebra 

Let us re-consider (j2Tj) which is 



+ ( e - & t r + 2Acot^ ) = 0, (41) 



<# 2 V s i n ^ 

where we used Ci + 2 = e and A = — ^ R f^ a . If we perform the changes of variable and 
also of function, 

tan t = e**? , <f>(z) = ~^=X (42) 
* V cosh z 



in ( 14T|) . we get 

x" (y) - 4 '." 2 - x(y) + (j + = o, (43) 



e- | + 2zAcosy 1, 

— i x{y) + U + n, 

sin y z 



which is known as type A operators in the book by Miller [27]. In [27], type A factorization 
tells us about a linear second-order differential equation like (14TI) can be factorized if (j4"Tl) 
is written as 

*4 + (j + + l)y(e, j) = (e - i?(j + l))y(e, j) (44) 

^-(i)^l + (i)y(e,i) = (c - it:(j))y(e,i) (45) 

where 

A ± = ±£+p(y,j). (46) 
Here, A^ 1 are known as ladder operators which read 

Y(e,j±l)=A*Y(e,j) (47) 
and satisfy (A + y 1 ,y 2 ) = (y 1 ,A~y 2 )- Let p{y,j) be 

P(y,i) = 0' + s)cot2/+— . (48) 

suit/ 

Then, plugging (TJH]) into (JI5]) and fT4"6"|) . we have 

A - A+y = _ r + U + s)U + s +l ) + e + 2tU + s +l /2) Cos y Y + eY = o 

sin y 

where we use s,t are real constants. And we may give the ladder operators and R(j) as 

d t 

A ± = ±— + (j + s) cot y + (50) 

ay sin y 
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R(j) = (j + s) 2 . (51) 

Square integrability of the solutions requires j = 0, 1,2, e = R(£). To define the 
unknown parameters s and t, we can compare (149]) and (145]) as follows: 

t 2 + (j + s)(j + s + l) = e 2 -i (52) 

t(j + s + 1/2) = iA. (53) 
Using (1551) and substituting it into (1521) . we obtain 

e = _A 2 /t 2 + t 2 . (54) 
If we consider (f4"T|) . e is given by [2T] . 

e = J2(j + 1) = (j + l) 2 - jj^. (55) 

Hence, we have two e expressions, if we equate (154"]) and (155]) . we get 

t = ±(£ + l), j + s + l/2 = ±z^L (56) 

t = ±ij^-j, j + s + l/2 = ±(£ + l). (57) 

Now, we may consider the Lie algebra generators which we call X\, X 2 , Ox, 2 . The new 
variables yi,y2 can be used in the eigenfunction which is [18] 



$(^ )!/lj !, 2 )~e w ^^)e i * (58) 

where 

z/ = ±^ I , K = ±(i+1). (59) 
The operators Xx,X 2 act on the eigenf unctions as given below 

Xx$v, K = v$ V)K , X 2 $„, K = «;$„,„ (60) 

where 

Xx = X 2 = — . (61) 

oyx oy 2 
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One can map each ladder operator into the new one by taking (j42p into the consideration 

as 

A^ = =psin-?/>- — h i(j + s ± 1/2) cosip + tsinip (62) 
dip 



which lead to get generators 0\, 2 as 



_d_ 

dy 2 



( d d 
Of = e ±Wl I ± sin ip— i cos ip— sin ip 

( d d d \ 

Of = e ±%m I ±sm.ib— - icosib- sinib- — (64) 

V dip dy 2 dyi) 



where we use 



Of = -ie ±iyi Af, t = ±{£+l), s + t + 1/2 = ±ij—^ (65) 

Of = -ie^Af, t = ±i-^- [ , j + s + l/2 = ±(£ + l). (66) 

One can look at the commutation relations satisfied by the generators above 

[X u 0±] = ±0 ± , [0+, C»_] = -2X 1 (67) 
and Casimir operators whose action on the <fe u n is given by 

C<S>„ >K = j{j + l)$ VlK (68) 

equal to 

C = -OfO^ + X 1 (X 1 - 1) = -Of0 2 + X 2 {X 2 - 1). (69) 

5 Conclusion 

We have studied the Mie potential in spherical curved spaces with constant positive curva- 
ture through both analytical and algebraic approaches including the Infeld factorization. 
It is seen that, Mie potential is transformed into a Rosen- Morse I-like potential in spheri- 
cal spaces. We have obtained spectrum and eigenfunctions of the system using polynomial 
solutions. Our results agree with [22] if the limit R — > 00 is used for the solutions. Then, 
we have used factorization method to determine the algebra for the system. We remind 
that the conserved quantity, eigenvalue of the Casimir operator is the potential parameter. 
Using ladder operators which we obtained with factorization method, we have constructed 
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the so(2, 1) algebra for the Mie potential in spherical spaces. In the study of [2H], N di- 
mensional Mie potential is studied and su(l, 1) algebra generators were represented by 
infinite-dimensional Hilbert subspaces of the radial quantum states. Hence we have ex- 
tended the system to so(2, 1) algebra through a more general procedure. We give graphs 
of the potentials V(r) and V(ip) for some specific molecules CH, NO, N 2 and the data for 
the potential parameters are given in [22] ■ Figure 1 shows that the Mie potential which 
is in flat space, a standard Coulombic potential energy plus electronic kinetic energy for 
each molecule, and figure 2 shows that the Mie potential in spherical spaces with constant 
positive curvature which may be interesting that the potential takes the form of well with 
two minima. 

Finally, relativistic equations and factorization procedure in spherical spaces within 
the construction of the algebra may be studied in the future. 

V(r) (eV) 




Figure 1: Graph of V(r) in (flQl) . 



V((» (eV) 




0.5 1.0 1.5 2.0 2.5 3.0 



Figure 2: Graph of V(ib) in (1121). 
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